In this work, we show that duality symmetry can be implemented for massive theories at the level of the action, whenever we can formulate appropriates gauge invariant actions. For a massive vectorial field, we use a known gauge invariant description, while for a massive graviton, we introduce a novel gauge invariant action in order to show duality invariance.
I. INTRODUCTION
The duality symmetry is one of the concepts most relevant in high energy physic in these last times. In particular, the electromagnetic duality has played an important role from forty years ago, since the advent of supergravity until the recent results in superstring and M theory. The aspects of linear duality symmetries are well known, but the inclusion of sources and non linear generalizations (some few cases of interacting theories are known) open new challenges. Duality symmetry was initially understood at the level of the equations of motion [1] . The first successful attempt to establish electromagnetic duality symmetry at the level of the action was achieved in [2] after solving the Gauss constraint. The cost was the lost of explicitly Lorentz invariance of the Maxwell action, when it is expressed in terms of transverse physical variables (∂ i π T i = 0 = ∂ i A T i ). The Hamiltonian first order action:
is invariant under the following (spatial non-local) duality transformations
Since π T i satisfies the Gauss constraint: ∂ i π T i = 0, it is possible to introduce a second potential : π T i = ǫ ijk ∂ jÃ T i to achieve the two potentials formulation of electromagnetism [3] :
where
(it is understood the transverse character of the potentials) and
where Z α ij ≡ (Φ ij , P ij ) are the prepotentials, which are related to the spatial components of the metric (h ij ) and the canonical momentum (π ij ) in a non-local way [9] , and
is the Hamiltonian and Z α = δ ij Z α ij are the traces of the prepotentials . This action is clearly invariant under duality transformations
The generalization to arbitrary dimensions was achieved in [10] , based on the duality relationship between the graviton field h mn and the generalized Curtright field T m1...mD−3,n [11] , [12] . Afterward, the duality symmetric action for higher spin was completed in ref. [13] . The essential point of this achievement is clearly expressed in this work: "The key to our derivation is the remark that since free gauge field actions are (abelian) gauge invariant, they can be uniformly expressed -after elimination of constraints-in terms of the fundamental spatial gauge-invariant symmetric transversetraceless (TT) conjugate variables". The actions which are invariant under duality transformations for higher spin has the same structure as the electromagnetic duality invariant action (3). We will adopt this point of view when we deal with gauge invariant models for massive theories. For instance, if in the action (6), we consider the usual transverse-longitudinal decomposition for the (pre)potentials
Moreover, the partially massless phenomenon for massive gravitons in (A)dS [14] , where the mass of the graviton is fine tuned to a value related to the cosmological constant, exhibits an electromagnetic duality invariance [15] , where a massive graviton acquires an additional gauge invariance due to the partially massless effect. Recently, duality properties of the Horava gravity [16] , which has in common with (6) a higher order spatial derivative hamiltonian, was studied and discussed [17] in the framework of ref. [12] . Another example of a duality invariant action (which will be used in this paper), is the case of an antisymmetric field (B mn ) whose its field strength is H mnp ≡ ∂ m B np + ∂ n B pm + ∂ p B mn . This is a particular case discussed in ref. [6] , where the electromagnetic duality was considered for p forms in D dimensions. For an antisymmetric field, the canonical action is
where, π ij is the canonical momentum associated to B ij and F i ≡ ∂ j π ij ≃ 0 is the corresponding Gauss constraint whose solution is
After decomposing the spatial antisymmetric field as B ij = ǫ ijk
, the action will depend only of the dual variables (φ,ψ):
which is invariant under: φ → ψ and ψ → −φ. In summary, the method for obtaining duality invariant action relies on the fact of renouncing spacetime covariance in an explicit way. This not mean breaking of Lorentz invariance. The Lorentz and duality symmetries have a closer connection [18] which was anticipated in [3] and [19] . Starting up with a Lorentz and gauge invariant action, the hamiltonian formulation (described by a first order action) is constructed and the Gauss constraints are solved introducing new potentials. These new set of potentials (named electric and magnetic potentials) are the essential objects from which the new duality invariant action is constructed. In this paper, we generalize the duality invariant actions for massive vectorial (spin 1) and tensorial (spin 2) fields, which are described by gauge invariant actions which are obtained by dualization of the usual Stueckelberg formulations of these fields. The next section, the massive gauge invariant vectorial model is considered and we look for the duality properties in terms of the transverse and longitudinal degrees of freedom. Next, we construct a new gauge invariant action for the massive graviton from which, in the last section, we will establish the duality invariance at the level of the action. It is worth recalling that for massive theories there is no covariant duality relationship between field strengths and its dual, which interchanges field equations and Bianchi identities. Throughout this work we use η mn mostly positive and the convention of ǫ oijk ≡ ǫ ijk . We restrict our results to four dimensions.
II. DUALITY FOR MASSIVE SPIN-1
It is well known that the massive vectorial field can be described by a gauge invariant formulation which involved the coupling of the vectorial field A m with an antisymmetric field B mn through a BF topological term [20] . The action is
This action is invariant under gauge transformations : δA m = ∂ m λ and δB mn = ∂ m λ n − ∂ n λ m and it is dual equivalent to the usual Stueckelberg formulation for massive spin 1 [21] . The field equations associated with (12) are
and the Bianchi identities are
There is no local neither non-local duality transformations that exchange these covariant field equations with the Bianchi identities and viceversa. The goal will be to find an action in terms of pre potentials with invariance under local duality transformations. In order to reach a non Lorentz invariant duality action, we must start with the Hamiltonian approach. The canonical momenta are
As usual, A o and B oi are multipliers. The action has the following canonical form
where the Hamiltonian density is
and the Gauss constraints are
and
These constraints are easily solved (locally) for the momenta and lead to the "magnetic" potentialsÃ i and φ:
When these solutions are considered, the action is written as
whereF ij = ∂ iÃj − ∂ jÃi and we have introduced the magnetic fields
At this stage, we have invariance under the following gauge transformations
which allow us to fix the gauges φ = 0 andÃ i = 0. If we consider this possibility, it is easily recognized that 1 2 µǫ ijk B jk as the canonical momentum associated to A i and the hamiltonian first order action for the massive vectorial field arises. But, we need all the potentials which have emerged in order to have duality invariance in the action. To reach this goal we decompose the fields in its irreducible transverse and longitudinal components:
The longitudinal component of theÃ k field is absent from the beginning (see eq. 20), while the longitudinal component of A i is absorbed with the scalar field φ. The first term in the decomposition for the antisymmetric field B ij is particular for D = 4; the scalar field ψ will be the dual partner of φ. Moreover, we define a
Then, the action is written out as (from now on the transverse and longitudinal characters are understood)
Thus, the pairs of dual partners: (A i , a i ) and (φ, ψ) are decoupled. Finally, we make the following definitions:
in order to arrive to the following form of the action
or
where we have introduced the conventional notation:
The action is clearly invariant under duality transformations
The field equations obtained from (29) are
By iteration of these first order differential equations, it is easily checked that the potentials A α i and Φ α satisfy the Klein-Gordon equation:
The canonical momenta are slightly modified by the presence of a mass term and the following second class constraints are derived
from which the Poisson bracket for these second class constraints now read as
These momenta must transform under duality as π 
where v is an arbitrary constant three dimensional vector. If we use the solutions of the constraints (34), these become the usual Lorentz boosts transformations
where X = (A 1 i , φ) and we have considered that 2π
Moreover the action (29) is manifestly invariant under rotations.
In the limit µ → 0, the action (29) is the sum of the actions (3) and (11) which indicate that there is no discontinuity of the number of degrees of freedom as can be seen from the covariant Lorentz action (12) , where the scalar field, which provides mass to the vectorial field and represented by the antisymmetric field B mn is cleanly decoupled from the vectorial action in this limit.
III. GAUGE INVARIANT FORMULATION FOR THE MASSIVE GRAVITY
For massive gravity, we need a new gauge invariant formulation for the symmetric field (h mn ), which generalizes the action (12) for massive spin 2. To construct this action, we start with the usual Stueckelberg formulation for the Fierz-Pauli action :
is the linearized Einstein action and a m is the vectorial Stuckelberg field which guarantee gauge invariance under the following transformations:
We can dualize this action. For this process, we substitute ∂ m a n + ∂ n a m by a symmetric tensor g mn and introducing a new term into the action which enforces that linearized curvature tensor R mnpq(g) (≡ ∂ np g mq + ∂ mq g np − ∂ nq g mp − ∂ mp g nq ) vanishes through a Lagrange multiplier B mnpq and which has the same symmetries as the linearized curvature tensor R mnpq . Then, we have the following action
After considering the constraint imposed by the multiplier B mnpq , which tell us that g mn = ∂ m a n + ∂ n a m , we obtain (39). On the other hand, we can determine g mn by using its field equation
where we have defined
After introducing (43) into the action (42), we reach (and redefining B mnpq → µB mnpq ) the following result
and this action expressed only en terms of the fields h mn and B mnpq is written as
is the free ghost higher derivative action found by Deser, Siegel and Townsend [22] and which is an alternative description of the Maxwell action. In the appendix, some aspects of this action are reviewed. The action (45) is invariant under the following gauge transformations:
where the gauge parameters are antisymmetric in the pair (pq) i.e. λ pq , s = −λ qp , s without any additional properties in its indices. The action (46) has a conformal invariance which here is lost by the coupling term ∼ B mnpq R mnpq(h) . The action (44) is our gauge invariant formulation for massive spin 2 where we consider h mn , B mnpq and f mn as independent fields. The field f mn is an auxiliary field that when its equation of motion is used, the action (46) is obtained. This way of describing the field B mnpq with the use of an auxiliary field f mn was introduced in [22] .
The coefficients in this action are the same for any dimensions, while the coefficient 1 3 in the second term of (46) must be replaced by 1 D−1 . In particular, in three dimensions the action (44) becomes the action for the new massive gravity [23] . In fact, in three dimensions, we have the following identity: R mnpq = ǫ mnr ǫ pqs G rs which tell us that the curvature is completely determined by the Einstein tensor G mn since the conformal tensor vanishes identically. Then, we rewrite the term − 
which becomes the action for the new massive gravity after eliminating the h mn field through its field equation. For sake of completeness, let us sketch the dynamical content of the action(44) to confirm that our model propagates the five degrees of freedom of the massive spin 2 in four dimensions. The temporal and spatial components are denoted by
When the action is written out in terms of these components, the B ijkl variable appears as a Lagrange multiplier associated with the constraint R ijkl(h+f ) = 0, which can be solved (locally) as
We can use the gauge invariance (47) in order to fix the gauge κ i = 0. Now, we consider the usual transverse and longitudinal decompositions:
where χ ij , τ ij , s ij and w ij are transverse and traceless tensor, h j , u i , f i , r i , s i and w i are transverse vectors, while σ, τ, v, λ, α, t, s, β, w and γ are scalars. The solution of the constraint imposed by the B ijkl tell us
It is easily checked that s ij and w ij do not enter into the action, then the transverse and traceless sector of the action is, as it must be:
which represent the propagation of the two degrees of freedom of the tensorial sector The vectorial sector of the action is
and it is clear that u i and r i are auxiliary fields that are determined using its field equations. Its values are
and after substituting (55) into the vectorial sector of the action, w arises as un auxiliary field and can be determined through its field equation
We can see that after taking into account (56), the vectorial sector of the action depends on h i only and redefining
∇ 2hi we end with the propagation of the two degrees of freedom of the vectorial sector
In the scalar sector, we found that θ, γ, t and w are not dynamical variables (these are multipliers or are solved) and this sector reduces to the scalar sector of the Fierz-Pauli action:
Clearly, ψ is a multiplier and its corresponding constraint is 2∇ 2 τ − µ 2 ∇ 2 σ − 3µ 2 τ = 0 which is solved for σ (= 2 µ 2 τ − 3 ∇ 2 τ ), and after introducing this value into the scalar sector, the v variable appears quadratically without temporal derivatives and its field equation determines it : v = 2 µ 2τ . With this result at hand, we reach the final unconstrained form of the propagation of one scalar degree of freedom :
Thus, we have seen that our action for describing in a gauge invariant way the massive graviton, propagates the usual five free ghost degrees of freedom.
IV. DUALITY FOR MASSIVE GRAVITY
In this section we show that the unconstrained hamiltonian form of the gauge invariant action (44) admits the introduction of new potentials in order to reach a duality invariance for the massive spin 2. To begin with, we need a first order canonical action of (44). The canonical momenta are
where h is tha spatial trace of h ij and we have defined b ij =Ṡ ij + W ij ,
The first order canonical action is
where n i and n are the shift and lapse functions associated with the momentum (H i ≈ 0) and Hamiltonian (H i ≈ 0) constraints, respectively.
The Hamiltonian constraint is modified by the presence of the mass term in the action, while the momentum constraint remains intact. The Hamiltonian density is
Note that f oo and B ijkl are Lagrange multipliers associated with the constraints: ∂ ij S ij + µf ii = 0 and R ijkl(h+f ) = 0. The former allow us express the double spatial derivatives of S ij in terms of the spatial trace of f ij , while the latter tell us that: f ij = −h ij + ∂ i a j + ∂ j a i and since we have gauge invariance one can set a i = 0. Also, f oi is an auxiliary field and its field equation allows determine it : f oi = − 1 µ ∂ j b ij and considering this value, the term − 1 2 ∂ j b ij ∂ k b ik will emerge in the action. Now, we proceed to resolve the constraints by introducing the pre potentials [9] . The solution for the momentum constraint (H i ≈ 0) is the same as the massless case
whereP ij is the symmetric pre potential associated with the momentum constraint. In order to solve the Hamiltonian constraint (H ≈ 0), we decompose the six components of the spatial metric in its traceless partĥ ij , (five components) and its trace h (one component) as
After considering this decomposition in the hamiltonian constraint, we see that the traceless part must satisfies the following differential equation:
The solution isĥ
where (as introduced in [9] )
being Φ ij the symmetric pre potential linked to the hamiltonian constraint. Essentially, these pre potentials will describe the transverse and traceless spin 2 sector of our massive model like the massless case. Before considering these pre potential into the action, we redefineP ij :
With these results, the first order canonical action is written out as
and 
The transverse-traceless sector of the action boils down to (after making (P, Φ) → 1 √ −∇ 2 (P, Φ))
and redefining P
T T ij , we obtain
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